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We examine the recent proposal [1] that the anti-cross-correlation of the scalar and tensor primor-
dial fluctuations reconciles the tension between BICEP2 and Planck observations. We show that
unfortunately the contribution from the scalar-tensor correlation to the CMB temperature power
spectrum vanishes once summed over the angular mode m so the tension between BICEP2 and
Planck can not be reconciled. The reason is that one has to use the spin-weighted spherical har-
monics when projecting fields with nonzero spins into the CMB sky. These nonzero spin-weighted
spherical harmonics are subject to orthogonality conditions when summed over the angular direc-
tion and thus the desired cross-correlation between the scalar and tensor perturbations in CMB map
vanishes.
The recent discovery of CMB B-mode polarization by
BICEP2 [2] has profound implications for fundamental
physics. On the one hand, the B-mode polarization im-
plies a large amplitude of graviton fluctuations, which
consequentially fixes the inflationary energy scale and lo-
cally fixes the inflationary potential and its derivatives
[3, 4]. On the other hand, the tensor impact on the B-
mode polarization does not seem to be consistent with
the tensor impact on the temperature map.
The CMB temperature map has been extensively mea-
sured, leaving errors dominated by the cosmic variance,
at the range of scales where primordial tensor fluctua-
tions could contribute to the temperature correlations.
From the temperature map, the WMAP + ACT + SPT
+ BAO + H0 constraint of r is r < 0.13 at 95% CL
[5]. And the Planck constraint is r < 0.11 at 95% CL
[6]. The tension between those measurements and the
BICEP2 detection r = 0.20+0.07−0.05 is about 3σ. [7].
As an intriguing proposal to reconcile the tension be-
tween Planck and BICEP2 observations, the authors in
[1] suggested that when the inflationary fluctuations are
statistically anisotropic, there can be cross-correlations
between the tensor mode(s) and the scalar mode. Such
a cross-correlation, if negative, may help to suppress
the inflationary power spectrum at low multiple moment
l. Note that the tension between Planck and BICEP2
mainly comes from the fact that Planck observes a sup-
pression of power at low l at 5% ∼ 10% (assuming no
tensor mode) while BICEP2 observes tensor mode which
should have enhanced the low l power spectrum by 10%.
Based on such a mismatch at about 15% ∼ 20%, it is
hoped that the anti-correlation between the scalar and
tensor perturbations can lower the small l temperature
power and thus reconcile the tension.
In this short note we show that unfortunately such a
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suppression is not possible. This is because we have to
use the spin-weighted spherical harmonics when project-
ing fields with nonzero spins in the CMB map. These
nonzero-spin-weighted spherical harmonics have certain
orthogonality relations when summed over the angular
direction and thus the CMB cross-correlation vanishes.
This conclusion was specifically demonstrated in our
earlier paper [8] for the models of anisotropic inflation in
which the background rotational symmetry is broken in
the presence of a vector field during inflation [9]. Here
we present the proof for the general case and model-
independently.
To see this explicitly, one can expand the CMB tem-
perature fluctuation with primordial perturbations and
spherical harmonics (see [10–13] for details). The CMB
temperature anisotropy δT is related to aTl,m as
aTl,m =
∫
dΩ δT (θ, φ)Ylm(θ, φ) . (1)
Further, expanding δT as an integral of radiation transfer
function and primordial fluctuations, we have
aTl,m = 4pi
∑
i=−2,0,2
∫
d3k
(2pi)3
∆iTl (k)hi(k)[iY
∗
lm(θ, φ)] , (2)
where ∆iTl (k) is the radiation transfer function transfer-
ring primordial component i into temperature. Here hi
collectively denotes primordial fluctuations. We shall re-
strict our attention to scalar and tensor primordial fluc-
tuations and neglect the typically decaying vector modes.
The hi’s can be explicitly written down as
h0 = ζ, h−2 =
1√
2
(
h+ + ih×
)
, h2 =
1√
2
(
h+ − ih×)
(3)
where ζ is the curvature perturbation while h+ and h×
represent the two polarization modes of the gravitational
waves.
Here iYlm(θ, φ) is the spin-i-weighted spherical har-
monics and we shall need to sum over i = (0,−2, 2)
2for the scalar and tensor fluctuations respectively. It
is important to note that one can not expand a tensor
field using the zero spin-weighted spherical harmonics
0Ylm(θ, φ) ≡ Ylm(θ, φ), because otherwise the transfor-
mation properties does not match under rotation.
The two point correlation function of aTl,m is
〈aTl,maTl,m〉 = 4pi
∑
i1,i2
∫
dk
k
∆i1Tl (k)∆
i2T
l (k) (4)
×
∫
dΩ[i1Y
∗
lm(θ, φ)][i2Ylm(θ, φ)]P
i1,i2(k, θ, φ)
Here the P i1,i2(k, θ, φ) is the dimensionless correlation
function between the (i1, i2) components of perturbations
P 0,±2 =
(
P 0,+ ± iP 0,×)√
2
, P±2,0 =
(
P+,0 ∓ iP×,0)√
2
P±2,±2 =
(P+,+ + P×,×)
2
, P±2,∓2 =
(P+,+ − P×,×)
2
(5)
For example, in anisotropic inflation, P 0,+ is non-
vanishing and can indeed be negative [8, 11]. This is
because in anisotropic inflation, the three dimensional
rotational symmetry is broken. The conventional scalar,
vector and tensor fluctuations during inflation thus no
longer belong to different irreducible representations of
the SO(3) rotation group. As a result, cross-correlations
between these modes become possible at the level of lin-
ear perturbation theory. Anisotropic inflation also pre-
dicts P 0,× = 0, and the difference in P+,+ and P×,× is
suppressed by the smallness of the anisotropy. However,
here our discussion shall not depend on explicit realiza-
tion of anisotropies and we leave (5) to be general and
all components can be turned on and/or being unequal.
When studying anisotropies, one does not need to sum
over the angular index m. However, when addressing the
tension issue between BICEP2 and Planck, m has to be
summed over because the m-averaged observable
CTTl =
1
2l + 1
l∑
m=−l
〈aTl,maTl,m〉 (6)
is the quantity that has been addressed in the tension
problem. By summing over m, only the (i1 = 0, i2 = 0)
and (i1 = 2, i2 = 2) pairs survive into C
TT
l . The rest
parts vanish. For example, consider (i1 = −2, i2 = 0).
We have
C
TT,−2,0
l =
∫
dΩ
l∑
m=−l
[−2Y
∗
lm(θ, φ)][0Ylm(θ, φ)] × · · · ,
(7)
where · · · denote terms that do not depend on m. The
summation can be calculated as [10, 12]
l∑
m=−l
[−2Y
∗
lm(θ, φ)][0Ylm(θ, φ)] =
√
2l + 1
4pi
Yl,2(0, 0) = 0 ,
(8)
where the relation Yl,2(0, 0) = 0 can be shown by ex-
panding the spherical harmonic function into the asso-
ciated Legendre polynomial and note that PML (cos θ) ∝
(sin2 θ)M/2. For calculating Yl,2(0, 0), M = 2 and thus
we end up with Yl,2(0, 0) ∝ sin2 θ = 0.
Similarly, for the (i1 = 2, i2 = 0) case we have
C
TT,2,0
l ∝ Yl,−2(0, 0) = Y ∗l,2(0, 0) = 0 . (9)
Finally the (i1 = 0, i2 = 2) and (i1 = 0, i2 = −2)
cases are complex conjugate of the above considered cases
which also vanish. As a result, even with the presence of
anisotropy, 〈ζh±2〉 cannot contribute to the CTTl correla-
tion.
It is also worth mentioning that although the temper-
ature power spectrum CTTl does not receive contribu-
tion from scalar-tensor cross-correlation, there are con-
tributions from 〈h±2h±2〉, and also possibly from an
anisotropic part of the 〈ζζ〉 correlation. However, those
parts do not suppress the low l temperature spectrum
either. For the 〈h±2h±2〉 part, this is because the correc-
tion is positive definite, as one can see from equation (4).
On the other hand, the anisotropic part of the 〈ζζ〉, if ex-
ists and has similar scale dependence as the isotropic part,
gives an overall rescaling of the temperature power spec-
trum. The shape of the spectrum is not modified, and
the amplitude modification is subject to re-normalizing
the power spectrum which is irrelevant to the BICEP2-
Planck tension. In addition, it has been proved recently
in [13] that the contribution from 〈h±2h∓2〉 under the
Copernican principle, here the homogeneity of space, is
also equal to zero.
Finally, we would like to mention that the conclusion
above does not provide any no-go theorem for studying
anisotropies in general. Because if we are not to address
the tension issue, we are free to study the TT, TE, EE,
TB, EB, BB correlators without averaging over m, and
also not only the l1 = l2 ones but also the l1 = l2± 1 and
l1 = l2 ± 2 ones. Thus there is rich phenomenology to
study after the gravitational wave detection [8].
With these discussions in mind, the primordial
anisotropies in gravitational waves are curious effects.
There may be a deep connections between anisotropies
in gravitational waves and the low-l CMB anomaly
as advocated recently in [8] which deserves further
investigations. In addition, as argued in and [14], [15]
and [16], the anisotropies in gravitational waves may also
be connected to hemispherical asymmetry as observed
by Planck. These possibilities make the search for the
features in the B-mode polarization, such as statistical
anisotropies, more interesting.
Note added: While this work was completed the paper
[17] appeared which also reached the same conclusion as
in this paper. Note that the conclusion that the tensor-
scalar anti-correlation does not help to reconcile the ten-
sion between the Planck and BICEP2 observations were
explicitly demonstrated in the context of anisotropic in-
3flation in our earlier paper [8]. Here we demonstrated it
in generality.
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